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Abstract We presented the fractional zero curvature equation and generalized Hamiltonian
structure by using of the differential forms of fractional orders. Example of the fractional
AKNS soliton equation hierarchy and its Hamiltonian system are obtained.
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1 Introduction

The theory of integrals and derivatives of non-integer order goes back to Leibniz, Liouville,
Riemann, Grunwald, and Letnikov. Derivatives and integrals of fractional order [1, 2] have
found many applications in recent studies in physics. The interest in fractional analysis has
been growing continually during the past few years. Fractional analysis has numerous ap-
plications: kinetic theories [3, 4, 9], statistical mechanics [10, 11], dynamics in complex
media [12, 13], and many others [5–8]. In the past few decades many authors have pointed
out that fractional-order models are more appropriate than integer-order models for various
real materials. Fractional derivatives provide an excellent instrument for the description of
memory and hereditary properties of various materials and processes. This is the main ad-
vantage of fractional derivatives in comparison with classical integer-order models in which
such effects are, in fact, neglected. The advantages of fractional derivatives become appar-
ent in modeling mechanical and electrical properties of real materials, as well as in the
description of rheological properties of rocks, and in many other fields. How to obtain the
fractional soliton equation and its Hamiltonian structure is an important work. In this paper
we present the zero curvature equation and Hamiltonian structure of the fractional soliton
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equation hierarchy by using of differential forms and exterior derivatives of fractional orders
[14–16].

In Sect. 2, some information of the fractional differential forms is considered to fix no-
tation. In Sect. 3, the fractional zero curvature equation is presented. In Sect. 4, we consider
the Hamiltonian system. In Sect. 5, a fractional Hamilton system is constructed. We dis-
cuss an example of the fractional AKNS equation hierarchy and its Hamiltonian system in
Sect. 6.

2 Brief Review of Fractional Derivatives and Integrals

The derivatives of arbitrary real order p can be considered as an interpolation of this se-
quence of operators. We will use for it the notion suggested and used by Davis [17], namely

aDp
t f (t), (1)

the short name for derivatives of arbitrary order is fractional derivatives.
The subscripts a and t denote the two limits related to the operation of fractional differ-

entiation. Following Ross [18], we will call them the terminals of fractional differentiation.
The appearance of the terminals in the symbol of fractional is essential. This helps to avoid
ambiguities in applications of fractional derivatives to real problems. Integrals of arbitrary
order p > 0

aD−p
t f (t) =

m∑

k=0

f (k)(a)(t − a)p+k

�(p + k + 1)
+ 1

�(p + k + 1)

∫ t

a

(t − τ)p+mf (m+1)(τ )dτ, (2)

the formula (2) immediately provides us with the asymptotic of aD−p
t f (t) at t = 0. Deriva-

tives of arbitrary order

aDp
t f (t) = lim

h→∞,nh→t−a
f (p)

n (t)

=
m∑

k=0

f (k)(a)(t − a)−p+k

�(−p + k + 1)
+ 1

�(−p + k + 1)

∫ t

a

(t − τ)m−pf (m+1)(τ )dτ, (3)

the formula (3) has been obtained under the assumption that the derivatives f (k)(t) (k =
1,2, . . . ,m + 1) are continuous in closed interval [a, t] and that m is an integer number
satisfying the condition m > p + 1. The smallest probable value for m is determined by the
inequality m < p < m + 1.

From the pure mathematical point of view of such a class of functions is narrow. How-
ever this class of functions is very important for applications. Because the character of the
majority of dynamical processes is smooth enough and does not allow discontinuities. Un-
derstanding this fact is important for the proper use of the methods of the fractional calculus
in applications, especially because of the fact the Riemann–Liouville definition

aDp
t f (t) =

(
d

dt

)m+1 ∫ t

a

(t − τ)m−pf (τ )dτ (m ≤ p ≤ m + 1) (4)

provides an excellent opportunity to weaken the conditions on the function f (t).
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We will think how the Riemann–Liouville definition (4) appears as the result of the unifi-
cation of the notions of integer-order integration and differentiation. Let us suppose that the
function f (τ) is continuous and integrable in every finite interval (a, t); the function f (t)

may have on integrable singularity of order r < 1 at the point τ = a

lim
τ→a

(τ − a)rf (t) = const(�= 0).

Then the integral

f −1(t) =
∫ t

a

f (τ )dτ

exists and has a finite value, namely equal to 0, as t → a.
In the general case we have the Cauchy formula

f −n(t) = 1

�(n)

∫ t

a

(t − τ)n−1f (τ)dτ. (5)

Let us now suppose that n ≥ 1 is fixed and take integer k ≥ 0. Obviously, we will obtain

f −k−n(t) = 1

�(n)
D−k

∫ k

a

(t − τ)n−1f (τ)dτ,

f k−n(t) = 1

�(n)
Dk

∫ k

a

(t − τ)n−1f (τ)dτ,

where the symbol D−k(k ≥ 0) and Dk(k ≥ 0) denote k interacted differentiations.
To extend the notion if n-fold integration to non-integer values of n, we can start with the

Cauchy formula (5) and replace the integer n in it by a real p > 0,

aD−p
t f (t) = 1

�(p)

∫ t

a

(t − τ)p−1f (τ)dτ. (6)

In (5) the integer n must satisfy the condition n ≥ 1; the responding condition for p is weak;
for the existence of integral (6) we must have p > 0. Moreover, under certain reasonable
assumptions

lim
p→0

aD−p
t f (t) = f (t). (7)

So we can put aD0
t f (t) = f (t). If f (t) is continuous for t ≥ a, the integration of arbitrary

real order defined by (6) has the follow important property

aD−p
t (aD−q

t )f (t) =a D−p−q
t f (t). (8)

Indeed, we have

aD−p
t (aD−q

t )f (t) = 1

�(q)

∫ t

a

(t − τ)q−1
aD−p

t f (τ )dτ

= 1

�(p)�(q)

∫ t

a

(t − τ)q−1dτ

∫ t

a

(t − ξ)p−1f (ξ)dξ

= 1

�(p)�(q)

∫ t

a

f (ξ)dξ

∫ t

a

(t − τ)q−1(t − ξ)p−1dτ



Int J Theor Phys (2007) 46: 3182–3192 3185

= 1

�(p + q)

∫ t

a

(t − ξ)p+q−1f (ξ)dξ

= aD−p−q
t f (t).

Obviously, we can interchange p and q , so we have

aD−p
t (aD−q

t )f (t) =a D−q
t (aD−p

t )f (t) =a D−p−q
t f (t). (9)

Let us consider some properties of the Riemann–Liouville fractional derivatives. The
first and maybe the most important property of the Riemann–Liouville fractional derivative
is that for p > 0 and t > a

aDp
t (aD−p

t f (t)) = f (t), (10)

aD−p
t (aDp

t f (t)) �= f (t), (11)

aDn
t (aDp

t f (t)) =a Dn+p
t f (t), (12)

which means that the Riemann–Liouville fractional differentiation operator is a left inverse
to the Riemann–Liouville fractional integration operation operator of the same order p.

The product rule is

Dp
t (f (t)g(t)) =

∞∑

j=0

(
p

j

)
Dp−j

t f (t)Dj
t g(t). (13)

3 Fractional Zero Curvature Equation

Consider an isospectral Lax pair
{

Dα
xψ = Uψ,

Dα
t = V ψ,

(14)

where α is arbitrary real number.
From the compatibility condition Dα

t Dα
xψ = Dα

x Dα
t ψ , we have

Dα
t Dα

xψ =
∞∑

j=0

(
α

j

)
Dα−j

t UDj
t ψ, (15)

Dα
x Dα

t ψ =
∞∑

j=0

(
α

j

)
Dα−j

x V Dj
xψ, (16)

∞∑

j=0

(
α

j

)
Dα−j

t UDj
t ψ =

∞∑

j=0

(
α

j

)
Dα−j

x V Dj
xψ. (17)

We choose the terms of j = 0 and j = α, get the following forum

Dα
t U − Dα

xV + [U,V ] = 0, (18)

it is called the fractional zero curvature equation. The nonlinear evolution hierarchy derived
from (14) are known as generalized integrable equation.
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We consider the following isospectral matrix spectral problem

φx = U(u,λ)φ,

U(u,λ) =
(−u3λ u1

u2 u3λ

)
= U0λ + U1,

∂U0

∂λ
= ∂U1

∂λ
= 0, Dα

t λ = 0,
(19)

where λ is a spectral parameter. Because U0 has multiple eigenvalues, To derive an associ-
ated soliton hierarchy, we first solve the adjoint equation

Dα
xW = [U,W ]

of the spectral problem (38) through the generalized Tu scheme [20]. We assume that a
solution W is given by

W =
(

A B

C −A

)
. (20)

Then we have

[U,W ] =
(

u1A − u2B −2λu3B − 2u1A

2λu3C + 2u2A u2B − u1A

)
. (21)

Take (19), (20) and (21) int the compatibility condition, i.e., the generalized zero curvature
equation

Dα
tn
U − Dα

xW
(n) + [U,W(n)] = 0, (22)

comparing the coefficient of the λ in (22), leads to a system of evolution equation hierarchy
{

Dα
tn
u1 − Dα

xB
(n) − 2u1A

(n) = 0,

Dα
tn
u2 − Dα

xC
(n) + 2u2A

(n) = 0,
(23)

where

W =
(

A B

C −A

)
=

∞∑

k=0

Wkλ
−k =

∞∑

k=0

(
A(k) B(k)

C(k) −A(k)

)
λ−k,

which is the generalized fractional version of the new nonlinear equation hierarchy.

4 Hamiltonian System

In this section, some information of Hamiltonian systems is introduced. Let us consider the
symplectic space (R2n, dp ∧ dq). The regular coordinates of M = R2n is x = (p, q) i.e.
(x1, . . . , x2n) = (q1, . . . , qn,p1, . . . , pn) and pi = xi, qi = xn+i , the symplectic structure is

ω2 = dp ∧ dq =
n∑

i=1

dpi ∧ dqi =
n∑

i=1

dxi ∧ dqn+i . (24)

Theorem ω2 satisfies a closed condition d ω2 = 0, if and only if there exists

∂ωij

∂xk

+ ∂ωjk

∂xi

+ ∂ωki

∂xj

= 0 (i �= j �= k). (25)
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The Hamiltonian system that is defined by the equations

dqi

dt
= −∂H i(q,p)

∂qi
,

dpi

dt
= ∂H i(q,p)

∂pi
, (26)

which can be realized in the following form [4]. A Hamiltonian system (26) on the phase
space R2n has the differential 1-form

β = −∂H

∂qi
dpi + ∂H

∂pi
dqi (27)

and satisfies a closed form dβ = 0, where d is the exterior derivative. The exterior derivative
for the phase space is defined as

d = dqi

∂

∂qi

+ dpi

∂

∂pi

. (28)

Here and later, we mean the sum on the repeated indices i and j from 1 to n.
In symplectic space (R2n, dp ∧ dq), the Poisson bracket is defined as follows

{F,H } =
n∑

i=1

(
∂F

∂qi

∂H

∂pi
− ∂F

∂pi

∂H

∂qi

)
. (29)

The Hamiltonian systems can be realized in the following form

ṗj = {pj ,H }, q̇j = {qj ,H }. (30)

If the right-hand sides of (27) satisfy the involutive conditions for the phase space, which
have the following forms:

{Hi,Hj } = 0. (31)

A Hamiltonian system (26) on the phase space R2n has the differential 1-form

β = −∂H

∂qi
dpi + ∂H

∂pi
dqi (32)

and it is an exact form β = dH , where d is the exterior derivative and H = H(q,p) is a
continuous differentiable unique function on the phase space.

5 Fractional Hamiltonian Systems

Fractional generalization of the differential form, which is used in the definition of the
Hamiltonian system, can be defined in the following form:

βα = −Dα
pi

H(dpi)
α + Dα

qi
H(dqi)

α. (33)

Let us consider the canonical coordinates (x1, . . . , xn, xn+1, . . . , x2n) = (q1, . . . , qn, p1,

. . . , pn) in the phase space R2n and a Hamiltonian system that is defined by the equations

dqi

dt
= −Dα

pi
H(q,p),

dpi

dt
= Dα

qi
H(q,p). (34)
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The fractional generalization of Hamiltonian systems can be defined by using fractional
generalization of differential forms.

Definition 1 A Hamiltonian system (26) on the phase space R2n is called a fractional
Hamiltonian system if it has the fractional differential 1-form

βα = −Dα
pi

H(dpi)
α + Dα

qi
H(dqi)

α.

Definition 2 The fractional exterior derivative for the phase space R2n is defined as

dα = (dqi)
αDα

qi
+ (dpi)

αDα
pi

. (35)

For example, the fractional exterior derivative of order α of qk , with the initial point taken
to be zero and n = 2, is given by

dαqk = (dq)αDα
qq

k + (dp)αDα
pqk. (36)

Using (8) and (36), we have the following relation for the fractional exterior derivative:

dαqk = (dq)α �(k + 1)qk−α

�(k + 1 − α)
+ (dp)α qkp−α

�(1 − α)
. (37)

Definition 3 In symplectic space (R2n, dp ∧ dq), the fractional Poisson bracket is defined
as follows

{F,H }α = (Dα
qi
FDα

pi
H − Dα

pi
FDα

qi
H). (38)

Proposition 1 A Hamiltonian system (34) has a closed fractional form

dαβα = 0, (39)

where dα is the fractional exterior derivative.

Proof In the canonical coordinates (q,p), the vector fields that define the system have the
components (−Dα

pi
H,Dα

qi
H), which are sued in (33). The 1-form βα is defined by the equa-

tion

βα = −Dα
pi

H(dpi)
α + Dα

qi
H(dqi)

α. (40)

The exterior derivative for this form can now be given by the relation

dαβα = dα(−Dα
pi

H(dpi)
α + Dα

qi
H(dqi)

α). (41)

Using the rule

Dα
x (fg) =

∞∑

k=0

(
α

k

)
(Dα−k

x f )
∂kg

∂xk

and the relation

∂k

∂xk
(Idxi)

α) = 0 (k ≥ 1),
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we get that

dα(Ai(dxi)
α) =

∞∑

k=0

(dxj )
αΛ

(
α

k

)
(Dα−k

xj
Ai)

∂k

∂xk
j

(dxi)
α = (dxj )

αΛ(dxi)
α

(
α

0

)
(Dα

xj
Ai).

(42)
Here, we use

(
α

k

)
= (−1)k−1α�(k − α)

�(1 − α)�(k + 1)
.

Therefore, we have

dαβα = −Dα
qj

Dα
pi

H(dqj )
αΛ(dpi)

α − Dα
pj

Dα
pi

H(dpj )
αΛ(dpi)

α

+ Dα
qj

Dα
qi
H(dqj )

αΛ(dqi)
α + Dα

pj
Dα

pi
H(dqj )

αΛ(dqi)
α. (43)

This equation can be rewritten in an equivalent form

dαβα = (−Dα
qi

Dα
pi

H j + Dα
pi

Dα
qi
H i)(dqi)

αΛ(dpj )
α

+ 1

2
(−Dα

pi
Dα

pi
H j + Dα

pj
Dα

pi
H i)(dpi)

αΛ(dpj )
α

+ 1

2
(Dα

qj
Dα

qi
H i − Dα

qi
Dα

qi
H j )(dqi)

αΛ(dqj )
α. (44)

Here, we use the Poisson bracket. It is obvious that the equation dαβα = 0, i.e., βα is a closed
fractional form. �

Proposition 2 A Hamiltonian system (34) on the phase space R2n is a fractional Hamil-
tonian system that is defined by the Hamiltonian H = H(q,p) if the fractional differential
1-form

βα = −Dα
pi

H i(dpi)
α + Dα

qi
H i(dqi)

α

is an exact fractional form

βα = dαH, (45)

where dα is the fractional exterior derivative and H = H(q,p) is a continuous differentiable
function on the phase space.

Proof Suppose that the fractional differential 1-form βα , which is defined by (40), has the
form

βα = dαH = (dpi)
αDα

pi
H + (dqi)

αDα
qi
H.

Therefore, the equations of motion for fractional Hamiltonian systems can be written in the
form

dqi

dt
= Dα

pi
H,

dpi

dt
= −Dα

qi
H. (46)

The fractional differential 1-form βα for the fractional Hamiltonian system with Hamiltonian
H can be written in the form βα = dαH . If the exact fractional differential 1-form βα is
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equal to zero (dαH = 0), then we can get the equation that defines the stationary states of
the Hamiltonian system. �

In the phase space R2n and a fractional Hamiltonian systems can be defined by the equa-
tions

Dα
t

(
qi

pi

)
=

(
Dα

pi
0

0 −Dα
qi

)(
Hn

Hn

)
= J

(
Hn

Hn

)
. (47)

The fractional generalization of Hamiltonian system can be defined by the equations gener-
alization of differential forms [14].

A generalized Hamiltonian system (47) on the phase space R2n it called a fractional
Hamiltonian system if the fractional differential 1-form βα = −Dα

pi
H i(dpi)

α +Dα
qi
H i(dqi)

α

is a closed fractional form dαβα = 0, where dα is the fractional exterior derivative.
A central and very important subject in the theory of integrable system is to search for a

sequence of scalar functions {Hn} such that (46) can be cast in the Hamiltonian form (47).
Equation (47) is the fractional form Hamiltonian structure of soliton equation hierarchy,
which is different from the result in [16].

6 The Generalized Fractional AKNS Equation Hierarchy and Hamiltonian System

To illustrate our method, we want to apply the fractional zero curvature equation to construct
the generalized fractional AKNS equation hierarchy. We consider the following matrix spec-
tral problem

φx = U(u,λ)φ, U(u,λ) =
(−λ q

r λ

)
, Dα

tn
λ = 0, (48)

where λ is a spectral parameter. The spectral problem (48) is called AKNS spectral prob-
lem [19].

To derive an associated soliton hierarchy, we first solve the adjoint equation

Wx = [U,W ] (49)

of the spectral problem (48) through the generalized Tu scheme [20]. We assume that a
solution W is given by

W =
(

a b

c −a

)
. (50)

Therefore, the adjoint (49) is equivalent to

{
ax = qc − rb,

bx = −2λb − 2qa,

cx = 2λc + 2ra.

(51)

Let us seek a formal solution of the type

W =
(

a b

c −a

)
=

∞∑

k=0

Wkλ
−k =

∞∑

k=0

(
a(k) b(k)

c(k) −a(k)

)
λ−k, (52)
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then, the condition (51) becomes the following recursion relation:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a(0) = −1, b(0) = 0, c(0) = 0,

a(1) = 0, b(1) = q, c(1) = r,

a(2) = 1
2qr, b(2) = − 1

2qx, c(2) = 1
2 rx,

a(3) = 1
4 (qr)x, b(3) = 1

4 (qxx − 2q2r), c(3) = 1
4 (rxx − 2r2q),

a(n)
x = qc(n) − rb(n),

b(n+1) = − 1
2 (b(n)

x − 2qa(n)),

c(n+1) = 1
2 (c(n)

x − 2ra(n)).

(53)

In the compatibility condition, i.e., the generalized zero curvature equation

Dα
tn
U − Dα

xV
(n) + [U,V (n)] = 0,

we choose

W =
( 1

2 qr − 1
2 qx

1
2 rx − 1

2 qr

)
. (54)

Then we have

[U,W ] =
( 1

2qrx + 1
2qxr q2r + λqx

qr2 + λrx − 1
2qrx − 1

2qxr

)
. (55)

Comparing the coefficient of the λ in (22), we obtain a system of evolution equations

Dα
tn

(
q

r

)
=

(−Dα
xq

Dα
x r

)
, (56)

which is the generalized fractional version of the AKNS nonlinear equation hierarchy.

{
Dα

tn
q + 1

2 Dα
xqx + q2r = 0,

Dα
tn
r − 1

2 Dα
x rx + qr2 = 0,

(57)

which is fractional Shrödinger equations. We obtained the Hamiltonian structure of the frac-
tional AKNS hierarchy (56)

H = −(qr), (58)

where the Hamiltonian operator J is defined by

J =
(

0 1
2 Dα

x

− 1
2 Dα

x 0

)
. (59)

If we choose

W1 =
( 1

4 (qr)x
1
4 (qxx − 2q2r)

1
4 (rxx − 2r2q) − 1

4 (qr)x

)
,

then we have

[U,W1] =
( 1

4 (qrxx − rqxx) − 1
2 (qxx − 2q2r)λ − 1

2 q(qr)x

1
2 (rxx − 2r2q)λ + 1

2 r(qr)x
1
4 (rqxx − qrxx)

)
.
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Comparing the coefficient of the λ in (22), we obtain a system of evolution equations

{
Dα

tn
q − 1

4 Dα
x (qxx − 2q2r) − 1

2 q(qr)x = 0,

Dα
tn
r − 1

4 Dα
x (rxx − 2r2q) + 1

2 r(qr)x = 0,

which are new fractional nonlinear equations.
Fractional derivatives and integrals have found many applications in recent studies in

physics. The interest in fractional analysis has been growing continually during the past
few years. Using the fractional derivatives and fractional differential forms, we consider the
fractional generalized Hamiltonian systems. In the general case, the fractional Hamiltonian
systems of AKNS equation hierarchy is obtained.

Acknowledgements This work was supported by the National Key Basic Research Development of China
(G.N1998030600) and the National Nature Science Foundation of China (G.N10072013).

References

1. Samko, S.G., Kilbas, A.A., Marichev, O.I.: Fractional Integrals and Derivatives Theory and Applications.
Gordon and Breach, New York (1993)

2. Oldham, K.B., Spanier, J.: The Fractional Calculus. Academic Press, New York (1974)
3. Zaslavsky, G.M.: Fractional kinetics, and anomalous transport. Phys. Rep. 371, 461 (2002)
4. Zaslavsky, G.M.: Hamiltonian Chaos and Fractional Dynamics. Oxford University Press, Oxford (2005)
5. Flanders, H.: Differential Forms with Applications to Physical Sciences. Dover, New York (1989)
6. Laskin, N.: Fractals and quantum mechanics. Chaos 10, 780 (2000)
7. Hilfer, R.: Applications of Fractional Calculus in Physics. World Scientific, Singapore (2000)
8. Carpinteri, A., Mainardi, F.: Fractals and Fractional Calculus in Continuum Mechanics. Springer, Wien

(1997)
9. Tarasov, V.E., Zaslavsky, G.M.: Dynamics with low-level fractionality. Phys. A 354, 249 (2005)

10. Tarasov, V.E.: Fractional Fokker–Planck equation for fractal media. Chaos 15, 023102 (2005)
11. Tarasov, V.E.: Fractional systems and fractional Bogoliubov hierarchy equations. Phys. Rev. E 71,

011102 (2005)
12. Tarasov, V.E.: Fractional Liouville and BBGKI equations. J. Phys. Conf. Ser. 7, 17 (2005)
13. Nigmatullin, R.: The realization of the generalized transfer in a medium with fractal geometry. Phys.

Status Solidi B 133, 425 (1986)
14. Cottrill, S.K., Naber, M.: Fractional differential forms. J. Math. Phys. 42, 2203 (2001)
15. Tarasov, V.E.: Fractional generalization of gradient and Hamiltonian systems. J. Phys. A 38, 5929 (2005)
16. Tarasov, V.E.: Fractional variations for dynamical systems: Hamilton and Lagrange approaches. J. Phys.

A 39, 8409 (2006)
17. Davis, H.D.: The Theory of Linear Operators. Principia, Bloomington (1936)
18. Ross, B.: Math. Mag. 50(3), 115 (1977)
19. Kaup, D.J., Newell, A.C.: An exact solution for a derivative nonlinear Schrödinger equation. J. Math.

Phys. 19, 798 (1978)
20. Tu, G.T.: The trace identity, a powerful tool for constructing the Hamiltonian structure of integrable

systems. J. Math. Phys. 30(2), 330 (1989)


	Fractional Zero Curvature Equation and Generalized Hamiltonian Structure of Soliton Equation Hierarchy
	Abstract
	Introduction
	Brief Review of Fractional Derivatives and Integrals
	Fractional Zero Curvature Equation
	Hamiltonian System
	Fractional Hamiltonian Systems
	The Generalized Fractional AKNS Equation Hierarchy and Hamiltonian System
	Acknowledgements

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


